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ABSTRACT

This thesis presents the development of an immersed boundary/finite volume frame-
work for electro-hydrodynamics (EHD) flows with heat transfer. The method discretizes
the governing equations using a staggered finite volume framework on Cartesian meshes.
The solver employs a standard incremental fractional step approach with three-point
backward differencing in time to solve the governing conservation laws, resulting in a
nominally second-order accurate solver in space and time. The finite volume solver
serves as the basic workhorse for the immersed boundary techniques proposed in the
thesis. The thesis proposes a direct forcing immersed boundary approach for electro-
hydrodynamics flows with heat transfer. This approach assumes that the forcing func-
tion is added to the Navier-Stokes equations, allowing for the construction of modified
governing laws that account for both Dirichlet and Neumann boundary conditions. The
accuracy of the IB-FV solver has been evaluated for electro-hydrodynamics flows, and
it has been found to produce accurate results. The solver is capable of computing the
surface-averaged Nusselt number with high accuracy. The idea underlying the direct
forcing immersed boundary method is extended to solve electro-thermo-convection
problems as well. The resulting solver is capable of tackling electro-thermo-convection
problems developing around immersed bodies of an arbitrary shape. A spectrum of
test cases performed in the framework of the current study demonstrates the accuracy
and efficacy of the IB-FV solver for EHD flows with heat transfer. The numerous test
problems presented in this thesis serve to comprehensively evaluate and establish the
proposed direct forcing immersed boundary/finite volume framework as a robust, sim-
ple, and accurate approach for simulating EHD flows with heat transfer. These test
problems demonstrate the effectiveness of the proposed method in simulating various
types of flows, including electro-convection and electro-thermo-convection flows, and
its ability to accurately compute surface-averaged Nusselt numbers and vortical struc-
ture of the flow. The results suggest that the proposed method is a reliable and effective

computational tool for studying the EHD flows with heat transfer. As a novel aspect, the



developed solver is used to investigate the potential of electro-convection in enhance-
ment of heat transfer rate from the surface of injecting sphere immersed into perfectly

insulating liquid.
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CHAPTER 1

INTRODUCTION

EHD flows play a significant role in various engineering applications, such as nu-
clear reactors [1], micro-flow pumps [2, 3], industrial printers [4],and lubrication in
bearings [5]. Despite a large volume of experimental studies aimed at understand-
ing the fundamental mechanisms driving the EHD flows and improving the design of
specific engineering configurations, conducting experiments is often challenging and
prohibitively expansive. Fortunately, the emergence of advanced computing facilities
and the development of computational techniques have provided a viable approach
to address complex electro-thermo-convection flow problems using robust numerical
frameworks. To study the EHD flows coupled with heat transfer relevant to various en-
gineering applications, it is crucial to consider the dominant modes of charge transport,
namely : drift and diffusion, and their impact on the flow. In the drift mode, the charge
carriers move due to the influence of electric field. When the electric field is applied,
it causes the charge carriers to accelerate in the direction of the field. The extent of
the drift depends on the strength of the electric field and the mobility of the charge
carriers. In the diffusion mode, the charge carriers move due to their thermal motion.
In material or device with a concentration gradient of charge carriers, the carriers will
diffuse from the high concentration to the low concentrations regions . The interplay
between the physical laws governing the fluid dynamics, the charge transport and the

heat transfer makes these problems both challenging for numerical approaches and



fascinating from a physical perspective. Problems involving electro-thermo-convection
has been extensively studied in literature [6—9] and have been largely simulated in two-
dimensional domain. However, practical geometries, are complex and not amenable
to simple grid-generation, unlike several canonical problems available in literature that
primarily focus on simpler geometries. The use of complex geometries necessitates
the utilization of Cartesian grids, and as a result, there is a need to develop numerical

frameworks capable of handling such Cartesian grids.

1.1 Motivation of the study

The scientific community generally prefers collocated meshes as the variables of in-
terest are stored at the same location, typically cell-centers. However, these frame-
works suffer from the pressure-velocity decoupling problem for incompressible flows.
This issue is no longer a concern due to the Rhie-Chow interpolation [10] and its im-
provements. Despite this, the classical approach for incompressible fluid flows has
utilized staggered meshes, which resolve the pressure-velocity decoupling problem by
construction but lead to additional book-keeping as the quantities of interest are not
all stored at the same location. There have been no significant efforts to compare
their merits and drawbacks for the EHD flows with heat transfer. Both collocated and
staggered grid approaches can work with unstructured meshes, but generating such
meshes over complex geometries is a challenging task. Mesh generation can con-
sume around 70% of the total cost of any simulation, and in design cycles, it can
become a significant bottleneck, especially when dealing with complex geometries and
multiple parametric studies requiring minor design changes. Moreover, when the ge-
ometries are in motion, flow solvers need to account for the mesh movement, and
meshes must be regenerated if the deformation is significant. The strong correlation
between grid quality and solution accuracy limits the usefulness of body-fitted finite-
volume flow solvers, requiring additional effort to introduce improvements and fixes to
handle large deformations and complex-shaped bodies.

In recent years, Cartesian-based approaches, such as immersed boundary (IB)

methods, have gained popularity due to the simplicity of mesh generation algorithms.



IB methods are arguably the foremost among non-conformal techniques. Although
there have been comparatively fewer applications of this technique (or its variants)
for electro-hydrodynamics with heat transfer, a good review of immersed boundary
approaches for incompressible flows can be found in [11]. Furthermore, studies in the
EHD flows using conformal as well as non-conformal meshes have largely focused on
the incompressible flow regime.

This thesis aims to develop direct forcing immersed boundary appraoch using finite-
volume discretization for the EHD flows with heat transfer. The following sections will
present a review of developments available in the literature, focusing on immersed

boundary methods for electro-thermo hydrodynamic flows.

1.2 Physical background and related work

This section provides a comprehensive study of the different physical mechanisms in-
herent to the electro-thermo-convection problems. Specifically we focus on the config-
urations involving a hot cylinder immersed into a two-dimensional square enclosures as
well as a hot sphere immersed into a three-dimensional cold cubic container. Despite
the very simple geometry and boundary conditions, various complex physical phenom-
ena occur in both configurations, which are explored and discussed in the course of

this study

1.2.1 Pure thermal convection

Natural convection refers to the process of heat transfer in a fluid (such as a gas or
liquid) due to the natural circulation of the fluid caused by temperature differences
within it. This phenomenon is driven by the difference in density of the fluid at dif-
ferent temperatures, which creates buoyancy forces [12] that cause the fluid to move.
This phenomenon occurs in a variety of problems, such as in the Rayleigh-Benard
convection where a fluid layer heated from below and cooled from above, creating a
temperature gradient [13, 14]. This causes the fluid to circulate, driven by the buoy-
ancy forces resulting from the density differences in the fluid at different temperatures.

A representative example is given in numerical study [15] in terms of distribution of

3



isotherms and streamlines as presented in Figure 1.1 for a natural convection around

hot circular cylinder placed in a center of cold square cavity.

1 sy —
o — -'I“‘@ll.lll & — \‘\Qj”

Figure 1.1: The effect of Rayleigh number on the temperature distribution (top) and
streamlines (bottom) in 2D thermal flow [15].

At low temperature differences, the fluid motion is relatively small, and heat transfer
is primarily driven by conduction. As the temperature difference increases, the strength
of the buoyancy forces relative to the viscous forces increases, leading to more vigor-
ous fluid motion and enhancing the heat transfer.

Figure 1.2 (b) shows a monotonic relationship between the Rayleigh number (Ra),
and the induced fluid velocity. The increase in fluid velocity results in domination of the
convection regime which in turn leads to increased heat flux from the cylinder surface.
(see Fig.1.2)

1.2.2 Pure electro-convection

Electro-convection refers to fluid motion induced by an electric field to a dielectric liquid
with a free charge carrier. This phenomenon arises from the interaction between the

electric field and the fluid’s charged particles (ions). The electric field exerts a force on
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Figure 1.2: A relationship between the Rayleigh number (a) and Nusselt number (B)
and flow velocity [15]

the ions in the fluid, causing them to move and creating a net fluid flow. This mechanism
can lead to various flow patterns, depending on the geometry of the system and the
strength of the electric field [16].

Various sources, such as dissociation or charge injection at the liquid electrode
interface, can generate the free charge carrier. The dominance of the injection mech-
anism is more significant than the other free charge sources; hence, in this work, we
will refer exclusively to injection as a source of uni-polar charges [16].

The injection-induced electro-convection in the 2D cylinder-cube geometry shows a
very different pattern compared to natural convection in the same geometry(see Figure
1.3). This behavior is because the buoyant thermal and Coulomb forces act in different
directions. Also, the scalar fields of the temperature and the ionic concentration are
transported via different mechanisms (conduction and electro-migration, respectively)
in the inactive and weak flow motion state. The flow motion occurs only when the
Coulomb force is strong enough to overcome the viscous forces. If the Coulomb force
is not strong enough, the fluid remains in a rest state, and the migration transports free

charges due to the electric field and molecular diffusion (the hydro-static state).

1.2.3 Electro-thermo-convection

Electro-thermo-convection (ETC) refers to fluid flows induced by the coupling of ther-

mal, electric, and hydrodynamic effects in a fluid. This flow occurs when an electric
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Figure 1.3: lllustration of the effect of increasing the potential difference on the stream-
lines and the charge distribution in two dimensions - pure electro-convection. [15]

field and temperature gradient are simultaneously applied to a fluid, generating fluid

flow.

006  CoD 666~
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Figure 1.4: Schematic diagram of the buoyancy and electric fields in two-plate config-
uration

Figure 1.4 illustrates the combined effects of these forces on the fluid flow. The flow
induced by the electric field can help or hinder the natural heat transfer mechanism.

Therefore, in these applications, the direction of the electric field must be carefully
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controlled to maximize heat convection. Experiments conducted at the beginning of
the 1950s on the effect of the electric field in improving heat transfer in dielectric liquids
[17-19] sparked significant research into the linear instabilities that arise due to the
complex and strong nonlinear couplings between the different fields.

Most numerical and experimental research has focused on the basic configuration
of two parallel plates [20—22] due to its similarity and comparison to the Rayleigh—Benard
problem [13,14]. However, due to the growing need for efficient cooling of various elec-
tronic components and high-power cables, and the potential use in cooling nuclear re-
actors, interest in the numerical analysis of more complex configurations has recently
increased.

Figure 1.5 (a) shows the standard configurations used in these simulations. The
spatial temperature distribution shown in Figure 1.5 (b) indicates that the effect of
electric field induces a radial motion in the liquid which shows more uniform tempera-
ture distribution in a enclosure and as a result increasing the total heat transfer. Over
the years, researchers have deeply studied the various stability criteria related to the
liquid’s properties, injection strength, and other physical parameters [23—26]. Most
numerical and experimental research has focused on the basic configuration of two
parallel plates [20—22] due to its similarity and comparison to the Rayleigh—Benard
problem [13, 14]. Therefore, in recent years, most simulations of ETC have been per-
formed in two-dimensional configurations with relatively simple geometry, such as a 2D
cylinder inside a cube or a concentric ring, as they resemble a section cable in a liquid
sheath [1].

The changes in the flow regime and temperature distribution illustrate the effect of
the increase of electric field on the surrounding liquid, which induces a radial flow. It
can be observed that when the electric field is weak, natural convection dominates
the flow field and temperature distribution. However, for a stronger electric field the
electro-convection becomes dominant, whereas the natural convection (resulted by the
buoyancy force) becomes negligible. Remarkably that a relatively uniform temperature
distribution in an enclosure is achieved along the radial movement causes an increase

in the total heat transfer.
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Figure 1.5: (a) diagram of 2D annular cavity (b) the effect of electric field on the tem-
perature distribution

1.3 Computational approaches

To simulate electrically-driven Flow (EDF) phenomenon, it is essential to establish a
mathematical model that links the charge density distribution, the electric potential,
and the flow fields. The model should address the mutual influence of flow and electric
force. There are several models used to study the EDF, including the Poisson-Nernst-
Planck (P-NP) [27, 28], Poisson-Boltzmann (PB) [29], and Debye-Huckel (DH) [30]
models. Each model has its strengths and limitations. The P-NP model is the most
comprehensive and suitable for time-dependent problems. It includes the Poisson
equation for the potential distribution as a function of the spatial free charge distri-
bution and a conservation equation (Nernst-Planck) for the charge density distribution.
The total flux in the conservation equation includes the convection and diffusion terms,
as well as the electro-migration term, which reflects the flux effect by the electric force.
The PB model is useful for simulating systems with a low ion concentration based on

the Poisson equation, it includes the Boltzmann distribution function to describe the ion



concentration. Moreover, the DH model is appropriate for highly diluted systems and
developed to explain the behavior of weak electrolytes, and is based on the assumption
of a constant dielectric constant and a uniform electric field. Following the benefits and

disadvantages listed above, we use the P-NP model in this work.

1.3.1 Immersed boundary method for EHTD

Numerical simulation of the flows developing around solid bodies of irregular geometry
can be challenging as it requires building body fitted grids. The Immersed Boundary
(IB) method initially developed by Peskin [31,32] can remedy the above difficulty. This
method provides an alternative approach for adapting the computational grid to the ge-
ometry of a body by representing the body with by a series discrete Lagrangian points.
These points do not necessarily coincide with the original Eulerian grid. A volumetric
force term is added to the momentum equation to enforce the no-slip kinematic con-
straint in the Lagrangian points. These forces replace the body’s effect on the flow
around it, and for each Lagrangian point, the kinematic constraint is added as an ad-
ditional equation, requiring the same values of the body surface velocity and the the
flow velocity interpolated to the Lagrangian point of the body surface. This set of vol-
umetric forces plays the role of the Lagrange multipliers. A closed form of the overall
equation system incorporating the flow variables and the volumetric forces along with
the kinematic constraints of no-slip is eventually obtained [11].

Since the Lagrangian points do not necessarily align with the Eulerian grid, it is
necessary to introduce interpolation operator interpolating the Eulerian velocities to
the corresponding Lagrangian points from the Eulerian grid to the Lagrangian points.
A regularization operator should be also defined as an adjoint to the interpolation op-
erator to convey an information from the Lagrangian points to the Eulerian grid. Both
operators are implemented by using the discrete delta function allowing for their effi-
cient embedding in the discrete set of equations [33].

The IB method can be used to enforce appropriate boundary conditions for ad-
ditional physical equations coupled to the flow equations. For example, a constant
wall temperature in the energy equation can be obtained by adding a heat flux term

to the energy equation and a constraint equation to the desired boundary condition



[12,34-37]. Also, additional boundary conditions can be implemented using the 1B
method, such as Neumann and Robin type boundary conditions, but their implementa-
tion is not immediate and requires the adoption of another auxiliary algorithms such as
ghost cell, phase field method, etc. [38,39]

Historically, the IB method was implemented explicitly. The volumetric force added
to the momentum equation was first calculated by basing on a predictor equation solved
without considering the IB constraints. However an implicit implementation of the IB
method can typically provide more accurate imposing of the kinematic constraints.
Implicit implementation of the IB method relaxes the need of progressing by a very
small time steps and reduces the flow leakage through the boundaries of the immersed
body. [40]

In recent years, the 1B method has been extensively used for studying natural con-
vection in enclosures with embedded discrete thermally active sources of various ge-
ometries [12,41,42]. An algorithm which allows for efficient simulation of thermally
driven flows the developing around immersed bodies in 3D has been recently estab-
lished by [12]. In this approach, the energy equation is coupled with the momentum
equations by using a Boussinesq approximation. The SIMPLE algorithm is utilized for
the pressure-velocity coupling [43], and the kinematic constraints introduced by the 1B
method appear as Lagrange multipliers. The kinematic constraints for the temperature
of the surface of the immersed body are implemented by the same IB formalism.

It is apparent that there is a lack of numerical investigations using the immersed
boundary approach for standard thermo-electro-hydrodynamic problems in the incom-
pressible regime. The above gap can be apparently attributed to the difficulties which
can rise when extending the IB functionality to the P-NP system of equations, govern-

ing the thermo-electro-hydrodynamic regime.

1.4 Objectives of the study

As stated in this chapter, the primary aim of this thesis is to develop an immersed
boundary/finite volume framework capable of simulating electro-hydrodynamics flows

with heat transfer. Based on the literature review of numerical methods in electro-
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hydrodynamics flows with heat transfer, particularly those utilizing the IB approach, we

have specified the following specific sub-objectives for this research work.

e Development of a direct forcing immersed boundary method based on stag-
gered finite volume framework: We developed a three-dimensional bound-
ary/finite volume (I1B-FV) solver designed for the simulation of electro-hydrodynamic
flows with heat transfer based on the direct forcing immersed boundary approach
in a staggered framework. The direct forcing IB method employs a technique, ini-
tially introduced in [12], which allows for the construction and solution of modified
governing equations throughout the domain. The governing equations for mass,
momentum and energy are solved in a similar manner to the direct forcing IB
method as discussed in [12]. We also solve the electric potential and the charge

density equations utilizing the direct forcing approach.

The numerical investigations will be carried out for uni-polar dielectric liquid placed
in three-dimensional enclosure. The parametric study is performed with the aim of

enhancing heat transfer from the surface of immersed body.

1.5 Outline of thesis

The thesis is structured as follows: Chapter 2 introduces the governing equations of
the EHD flow coupled with heat transfer and presents a finite volume discretization
implemented on a staggered grid. Chapter 3 describes the direct forcing immersed
boundary IB-FV framework for thermo-electro-hydrodynamic flows. Chapter 4 presents
results of the performed numerical simulations and focuses on the revealed physical
insights. Finally, Chapter 5 provides an overview of the main contributions of the thesis

and suggests possible directions for future research.
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CHAPTER 2

GOVERNING EQUATIONS AND SOLUTION
METHODOLOGY

his chapter is devoted to a concise description of the mathematical formulations
T governing incompressible flows. We give the non-dimensional conservative equa-
tions governing the considered electro-thermally driven flows. The governing equations
are disretized by the finite volume method. The standard staggered grid approach is
utilized to distinguish between the scalar fields and components of the vector fields.
The proposed methodology and its implementations in our in-house flow solver are

discussed in detail.

2.1 Governing equations

The focus of our study is on the electro-thermo-hydrodynamics which combines the
the phenomena observed in fluid mechanics, heat transfer, and electro-kinetics. The
flow is governed by the system of continuity, momentum, energy, electro-static and the

charge density conservation equations:

V=0 (2.1)

+ V- (poitt) = —VP + +p,vV2a + GV — jg




- S (ah) = V20 2.3
Vi =1, (2.4)
13
M = .. -
8—£+V'(qu—KqV¢—DVq):0, (2.5)

where 1 denotes the velocity vector[a, #,w], P is the hydrodynamic pressure, 9
refers to the temperature field, ¢ is the electric potential, and G is the charge density
field. The effect of gravity and electric field is accounted as a source term in the mo-
mentum equation. K denotes the ionic mobility, g is the fluid density, v represents the
kinematics viscosity, « is the thermal conductivity, and ¢ is the electrical permittivity. g
is the gravity vector, D refers to the molecular diffusion coefficient, and ¢ is the time.
po, represents the density field corresponding to the reference temperature, 6,. 5 is the
coefficient of thermal expansion. The generic subscript symbol ~ corresponds to a
dimensional form of the equations.

We next non-dimensionalise the above governing equations using a suitable refer-

ence scales as given below,

XZE t:{L u:ﬁﬂ p:ﬁﬂqﬁ:i q_i
H’ H?’ v’ p9y2’ A’ Q0 (2.6)
p—ﬁ 829_00
po’ Af

where x is geometric coordinates in X, Y and Z direction, H and ¢, refer to characteris-
tic length and charge density scales, respectively. A¢ denotes the potential difference
®o — ¢1 and A6 is the temperature difference 6, — 6.. The cold and hot temperatures
are defined as 6. and 6, respectively. We choose the velocity scale based on the
kinematic viscosity which arguably the physically correct choice of a reference velocity
for electro-thermally driven flows. Other choices of velocity scale are also possible,
although they would result in a different form of the non-dimensional governing equa-
tions. The obtained non-dimensional equations govern the behavior of the fluid in a
way that is independent of the specific values of the reference quantities, making it

easier to compare and analyze results for different flow problems.



V-ou=0 (2.7)

du , T Ra, .
By, 1,
— . = —-— 6 2-
5 + V- (uf) Prv 7 (2.9)
Vip=—C-q, (2.10)
aq _r 2 T

The non-dimensional groups appearing in the equations are the Prandtl number

Pr, Rayleigh number Ra and the electric Rayleigh number T" defined as:

= 3
Ra= PROH v S0

= (2.12)
KV o pv K

The other non-dimensional coefficient appearing in equations are the injection strength

number C, the mobility number A/ and the molecular diffusion coefficient D defined as:

C:QSZQ, M:%\/%, D:% (2.13)
@ @ o o
® ® ® ® ® o ® o ®
@ @ o o
® o o o o o o o ®
@ @ @ @

Figure 2.1: Staggered grid arrangement
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2.2 Staggered grid discretization

The success of any numerical algorithm in adressing the problem depends on two
key factors: the choice of variable arrangement on the computational grid, and the
discretization approach used to approximate the governing equations. Two commonly
used variable arrangements are the collocated and the staggered arrangements. These
arrangements differ in the way the different fields are discretized on the grid relatively to
each other. The choice of the arrangement of the fields can have a significant impact on
the accuracy and stability of the numerical solution, and different arrangements may be
more suitable for different types of problems or numerical methods. Therefore, careful
consideration of the variable arrangement and discretization approach is crucial for the
development of an effective numerical algorithm solving computational fluid dynamics
problems. In the collocated framework, all variables are lumped at the same location,
typically the cell-center. On the other hand, in the staggered framework, the velocity is
stored at the faces of the cells while all the scalar fields (including pressure tempera-
ture and electric potential fields) are stored at the centroid of the cell, as shown in Fig-
ure 2.1. While other variable staggering techniques exist, the conventional numerical
frameworks have mostly favored the collocated framework, particularly on unstructured
meshes. However, the collocated framework suffers from a phenomenon known as
pressure-velocity decoupling, also referred to as the "checkerboard" pattern, in incom-
pressible flows. This issue can be remedied by using techniques such as Rhie-Chow
interpolation or related methods. In contrast, staggered frameworks do not suffer from
the pressure-velocity decoupling, but they require additional book-keeping and are not
as straightforward to implement on arbitrary polygonal meshes. Ultimately, the choice
between collocated and staggered frameworks depends on the specific requirements
of the problem and the numerical method being used. Both frameworks have their ad-
vantages and disadvantages, and the choice of a spesific framework should be based
on a careful analysis of the trade-offs involved. In the current study we utilize the stag-
gered grid for discretization of the governing equations. The numerical algorithm used

to discretize the governing equations is based on a finite volume approach.



2.3 Momentum equation

The convective flux in the momentum equation is discretized using second-order up-
wind schemes, while the diffusive flux is discretized using central difference schemes.

The momentum equation’s semi-discrete form is expressed as follows:

du op T2 0 Ra
Mo [ n)as] = - Lo+ [Y(Vu, -n)as,| —=0ev20 - 2g0e
o + [eeg(ueue n.) se] 5 + [eeﬂ(Vu n.)As JYE quén AL
CONV ’ h DIFF
(2.14)

where As, represents the surface area of the edge e, and Q is the control volumes
for momentum equation. The discrete convective and diffusive fluxes are denoted as

CONYV and DIFT, respectively, and their discretization is discussed below.

2.4 Convective flux discretization

The convective flux appearing in the momentum equation Eqn. 2.14 is written in a

discrete form as,

u U AS,
Z(ueue ’ ne)ASe = - Z UeUeASe (21 5)
ec) ec)

w.U,AS,

Where u., v. and w, refer to the Cartesian components of velocity at the face e,
and U, is the normal velocity at the face e. The u., v., and w, are computed at the

interfaces of the control volume using the Second Order Upwind (SOU) scheme.

2.5 Diffusive flux discretization

The diffusive flux contribution to the flux term in Eqn.2.14 is given by,
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2.6 Temporal discretization of momentum equation

To attain second-order temporal accuracy, we utilize a three-point backward differenc-
ing (BDF2) scheme for temporal discretization. Our flow solver utilizes the SIMPLE
algorithm [43] for the pressure-velocity coupling. The predictor step’s discrete form is
as follows:

3wl — 4u? 4+ ur !
2At

Q = — CONV(u”,u") + DIFF(u”, u") — P

on
T2 5o Ra
— WOQV%Q — ﬁeQez (2.16)

where u; refers to the momentum at the intermediate time level between n + 1 and n.
The value of momentum at predictor step would not satisfy the continuity constraint in
general. We note that the term corresponding to the convective flux in the momentum

equation was taken from the previous time step..

2.7 Pressure correction equation

The hydrodynamic pressure appearing in the momentum equation does not have a nat-
ural evolution equation. We obtain an equation for pressure correction by subtracting
the momentum equation at *" and (n + 1)th time level which gets:

3 (!t —uy) JP

—— = 2.17

2 At on ( )
where @ = Pt — pm refers to the pressure correction. It should be noted that Eqgn.
2.17 is only an approximation since it neglects the differences between the convective
and diffusive flux contributions, which can introduce second-order errors. Summing up

Eqgn. 2.17 over all the faces of any given cell yields an expression for the total pressure
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correction within the cell:

g > upttAs, — g > uiAs, =AY i—i

eeN eeN eeN

As, (2.18)

The Eqn. 2.18 is derived by summing Eqn. 2.17 over all faces of a cell can be inter-
preted as a discrete Poisson equation for the correction to hydrodynamic pressure, de-
noted by ®. However, it is important to note that the term >~ __, u/"'As, represents the
discrete divergence constraint at the (n—+1)th time level and is typically neglected for in-
compressible flows. Therefore, for incompressible flows, this term can be disregarded,
resulting in a simplified form of the discrete Poisson equation for the hydrodynamic

pressure correction:

. 2 5P
> uiAs, = gAtg; | Ase (2.19)

eeq
The discrete normal gradient of pressure correction at the faces e is represented by
21 and the left-hand side of the equation is obtained from the solution of the mo-
me;tum equation. In contrast to the momentum equation, the control volume for the
pressure correction equation is the individual cell, since the pressure and its correc-
tion are stored at the cell centroids. The normal derivative for pressure correction is

discretized by using central difference scheme.

2.8 Energy equation

The energy equation is solved with convective and diffusive flux discretization similar
to that used for the momentum equation. This equation solves for temperature and
is integrated over a single cell, hence it has a control volume different from that used
for the normal momentum equation. The energy is a scalar quantity, much like the
pressure correction equation, and is stored at the cell centroid. Integrating the thermal

energy equation over the control volume reads,

0 1 _,
9c5d9+7€zcv'(ug)d9_7€zcﬁv 0 d9 (2.20)



The discrete form of Egn. 2.20 can be obtained by applying the Gauss divergence

theorem to the remaining terms. This gives an expression that can be written as follows

As, (2.21)

n+l _ 4pn n—1
ec) eeq)
In the discrete form of Eqn.2.21 e € Q) denotes the edges of the control volume and ().
refers to the area of the control volume. The velocity (u.) at edge e is obtained from
the solution of the momentum equation and represents the convecting velocity for the
energy field. The convective flux (u.6.) at edge e is calculated using a second-order
upwind scheme. The fluxes in the energy equation are evaluated at the cell edges ¢ in
a similar manner as in the momentum equation. The normal derivative of temperature
g—fL at the cell edges is obtained analogously to that for the pressure correction as
desicribed in Section 2.7. To solve the energy equation (Eqn. 2.21), a known velocity
field at a particular time-step is assumed, which is obtained from the solution of the
momentum equation in the previous time-step. This results in a linearized system of
equations due to the implicit treatment of non-linear terms. The temperature at the
cell centroids can be obtained by solving the resulting system of equations with a sub-

iteration loop, similar to that used for the pressure correction equation.

2.9 Charge transport equation

The charge transport equation is solved using a collocated framework that involves
discretizing convective and diffusive fluxes, similar to what is done for the energy equa-
tion. The equation is used to solve for the charge and is integrated over a single cell,
which has the same control volume used for the energy equation ( since the charge
transport equation is a scalar quantity, it is stored at the cell centroid). The integration

of the charge transport equation over the control volume yields,

@dﬂ—i- V- (uq)dQ =
o, Ot Q.

T

72 V) d2 (2.22)

DV%qdQ+ ¢ V(g
Qe

Qe

To derive the discrete form of Eqn. 2.22, the Gauss divergence theorem is applied

to the remaining terms, resulting a finite volume formulation of the charge transport

8



equation:

3qn+1 _ 4qn + qn—l . 6(]
c c Td g As, =D 2
N et ) Uegls =Dy

> > A+ % XE; ueqeg—zLAse (2.23)
The convecting velocity for the charge transport field, represented by the velocity (u.)
at edge e, is from the solution of the momentum equation. The convective flux (u.q.)
at edge e is approximated using a second-order upwind scheme, and the other fluxes
in the charge equation are evaluated at the cell edges e in a manner similar to that in
the energy equation. The normal derivative of charge g—g and electric potential %

at the cell edges are obtained using an analogous method io that described in Sectiorel
2.7 for the pressure correction. To solve the discrete charge transport equation (Eqgn.

2.23), the flow velocity is taken from the previous time step.

2.10 Solution methodology

In the present work, an incremental fractional step method is used to solve the equa-
tions in a segregated manner. Initially, the electric potential equation is solved at the
cell center assuming the charge density from the previous time level. Next, the charge
transport equation is solved at the cell centers for charge, assuming the velocity field
from the previous time level as the initial conditions for the first time step. Next, the
energy equation is solved for temperature at the cell centers, assuming the velocity
field from the previous time level as was performed for the solution of the charge equa-
tion. Next, the momentum equation is solved using the pressure field at the n — th time
level, which still does not satisfy the divergence free constraint on the velocity field.
In the next step the Poisson equation is solved for the pressure correction field. The
obtained pressure correction field is then used to update the pressure and to project

the predicted velocity field on the divergence free subspace as follows:

Pl — pry @ (2.24)
2 00
un+1 = u* — §At% . (225)
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[ Initialise all conierved and prim- )
L itive variableslin the domain )
( Solve for ¢"™! and determine )
the electric potential using ¢”
| | |
Solve for ¢"*! and determine the charge using u”
i i i
Solve for 47! using u”

i i i
Solve the momentum equation to determine the (u*)
i i i
Solve pressure correction equation (Eqn.2.19)

i i i
obtain u™*! and pPn*!

Figure 2.2: Flowchart for solution methodology of staggered framework.

The solution flowchart is illustrated in Figure 2.2, which serves as a quick reference for
the finite volume flow solver that forms the basis of the research. The details of the im-
mersed boundary methodology and its application for the simulation of the Boussinesq

flows are discussed in Chapter 3.
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CHAPTER 3

DIRECT FORCING IMMERSED BOUNDARY
FORMULATION

n this Chapter, we will give a brief overview of the direct forcing immersed boundary
I method, which is used to study electro-thermobuoyant flows. This method involves
the direct imposition of forces onto the fluid in order to account for the presence of solid
objects or other obstacles within the flow field. The method formulates modified govern-
ing equations by adding force terms to account for the presence of solid objects. The
force terms are derived based on the geometry and kinematics of the solid object, and
are then applied to the fluid in a way that accounts for the interaction between the fluid
and the object. The discretized equations are then solved using either the staggered or
non-staggered finite volume framework, which was previously described in Chapter 2.
The accuracy and versatility of the immersed boundary framework are demonstrated
through the numerical simulation of several canonical fluid flow problems, including
those involving electro-thermobuoyant flows. This technique provides an efficient and
reliable methodology for simulating complex electro-thermo-hydrodynamic flow phe-

nomena.
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3.1 Direct forcing immersed boundary method

This Chapter focuses on describing the direct forcing immersed boundary (IB) method
used in conjunction with a staggered finite volume framework, as explained in Chapter
2. This method involves a solving two separate equations for the fluid velocity and
the force exerted by the solid boundary. The force term is then explicitly added to the
fluid equation to account for the effect of the boundary on the fluid flow. In this thesis, a
unigue immersed boundary finite volume framework has been developed by leveraging

this philosophy, which enables the solution of electro-thermo hydrodynamic flows.

3.2 Modified governing equation

The direct forcing immersed boundary approach is based on the principle of solving
unified modified governing equations throughout the entire computational domain. The

governing equations augmented with the IB functionality can be written as:

V-u=0 (3.1)
g_ltl +V - (uu) = =VP + V’u - —CC]V¢ - @9@ + fus (3:2)
00 . 2
5tV (9)_ﬁv9+f9, (3.3)
Vi =—C-q+ fs, (34)
Jq 5 T
E—l—DV q—v~(qu¢_qu)+fqv (3.5)

where the volumetric source/force f, reflects the impact of the immersed body on

the surrounding field ) and can be defined as:

folx) = / FE(XE) - §(zy — XF)avE (3.6a)

U(XHK) = / U(xy) - S(XE — 2;)dV, (3.6b)

where ¢ is the discrete Dirac function. The function introduced by Roma et al.
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in [44], utilized in the current study is given by:

(

L[5-sll) - V30— iy g 1| far<il<iarn

T

=]

o(r) = i [1 + —3(%)2 + 1} Ir| < 0.5Ar (3.7)

0 otherwise
\

Here, Ar is the cell width in the r direction, which means that the above delta function
supports three grid cells in each spatial direction, when employed in interpolating Eu-
lerian fields +(z;) and regularizing Lagrangian forces F{. The chosen delta function
has been specifically designed for performing calculations on staggered grids and has
gained popularity over recent years [45], [46], [47] due to its compact kernel (only 3
cells in each direction of the computational domain). Interpolation of the discrete Eu-
lerian fields ¢(x;) and regularization of the discrete Lagrangian source FX for the 3D

configuration are performed by employing the following formulas:

fo(x:) = ArAyAz Z Fy (X*)o(|wi — exl)o(ly: — nxc)d (12 — (k) (3.8a)

U(X") = AzdyAz Y d(x:)d(le; — exl)d(y: —nx)8(|z — Cx), (3.8b)
K

where e, nx and (i correspond to X, Y and Z components of the Lagrangian point
K respectively.

The spatial discretization used is implemented on a staggered Eulerian grid, where
the different velocity components are offset from one another and from the other scalar
fields located in the center of the computational cell. An arbitrary object with an irregu-
lar shape, S, is immersed within a computational domain, €2, and its surface is defined
by a set of Lagrangian points, X*. This surface, represented by 9.5, does not neces-
sarily conform to the underlying spatial grid. At each Lagrangian point, appropriate vol-
umetric forces, f: heat sources, fy, charge injection, f,, and electric potential sources,
/4, are applied to enforce all physical (dynamic) boundary conditions along 0. Closed
form of the overall system of equations is obtained by augmenting it with equations

governing the kinemtic constraints of the problem. The values of these sources are
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Figure 3.1: A schematic representation of the major principles of the IBM. The im-
mersed body of elliptical shape is described by set of Lagrangian points indicated by
the full black dots. A dashed shell of thickness equal to one grid step, attached to
the immersed body,corresponds to the set of discrete volumes surrounding each La-
grangian point. The dashed and dotted circles show the range of action of the regular-
ized Dirac delta functions smearing the Lagrangian forces over the Eulerian grid and
interpolating the Eulerian velocities at the Lagrangian points, respectively. Adapted
from [12]

then directly accounted for in the overall balance, enabling the direct calculation of the
Nusselt number, which is the average of the heat sources, fy.

As the location of the boundary represented by the Lagrangian points does not
necessarily coincide with the underlying spatial discretization, regularization and inter-
polation operators must be defined to convey information in both directions of the body
grid. The regularization operator smears Lagrangian volumetric sources, F& (where
U corresponds to a specific Lagrangian field) on the nearby Eulerian computational
domain. The interpolation operator, on the other hand, acts in the opposite direction
by interpolating the Eulerian fields v to the Lagrangian points X . Figure 3.1 shows a

typical setup of the Eulerian grid and the Lagrangian points with an illustration of the
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regularization and interpolation operators of the Lagrangian forces.

3.3 Solution methodology of IBM

The momentum, energy, electric potential, and charge equations in the direct forc-
ing method are influenced by the forcing function, whereas the Poisson equation for
pressure correction is not affected by it. The Poisson equation is solved throughout
the domain, and the Neumann boundary condition for pressure correction is implicitly
incorporated within the solution. The pressure evolves in a way that satisfies the ho-
mogeneous Neumann boundary condition automatically, and as a result, the velocity
and pressure are updated in the same way as previously discussed in Chapter 2.

The modified governing equations are solved using SIMPLE approach [43], the

semi-discrete form of governing equations with IB capability are,

3u* K qum — u"1

*) K\ n n+l n+l gn+1
oap T L) — R(FR) = ——5 10—+ N(u",¢"", ¢"", 6"7) (3.9a)
I(u*) = u" (X¥) (3.9b)
A(é)—iv- * (3.10)
Pr=oniv M '
2At
utt = ut = —==V(dp), Pt =p"+0p (3.11)

Also, the energy, charge density, and electric potential equation (3.3-3.5) are rewrit-

ten as:

L(¢"") —R(Fg)=-C-q" (3.12a)
I(¢"™) = o"(XF) (3.12b)
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3qn+1 . . 4qn _ qn—l " "
SR DL(¢"") — R(F§) = —a N(¢™ u") (3.13a)
I(g") = Q" (X™) (3.13b)
39n+1 1 il Ky 4¢n _ ¢n—1 . "
I(0™) = er(x¥) (3.14b)

where L refers to the linear term of Laplace operator, I is the linear operator of
interpolation and R denotes the regularization. IV include all the nonlinear terms ex-
plicitly taken from the previous time step n. The Eqgns. 3.12b, 3.13b, 3.14b and 3.9b

are added to enforce all the given value of field U (X%) on the Lagrangian points X%.

3.3.1 Schur complement decomposition

The discrete form of governing equations written in a block-matrix form,

/(/} g
Fy

where H = L — ;3.1 for Egns. 3.13-3.9, and H = L for Eqn. 3.12, are the

H R
I 0

n—1n
RHS,

o (3.15)

Helmholtz and the Laplace operators, respectively acting on each component of the
predicted vector u* and the scalar fields (q, ¢,60). I is the unity matrix, R and I are
rectangular matrices that contain terms resulting from applying regularization and in-
terpolation operators, respectively, and RH SZ‘L” stands for the right-hand side vector
containing all the other terms left from the original equation (3.12-3.9) known from the
previous time steps.

Utilizing the Schur complement approach [48], the system of Eqn. 3.15 is analytically
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split into two smaller equivalent systems:

Fy=[IH'RI"'ITH'RHS, " — V'] (3.16a)
¢ =H '[RHS, " — RFy] (3.16b)

solution of which is first performed for the distributed Lagrange multiplier terms F'y
(3.16a), and then for the corresponding Eulerian fields ¢ (3.16b). Note that, despite
the fact that the process is separated into two stages, the obtained F'y and ) values

are fully coupled, as the solution procedure is implicit.

3.3.2 Pseudo time for potential field

Obtaining the solution of the whole problem by a straightforward solution of Egns. 3.16a
and 3.16b would require us to perform inversion of the matrix [T H~'R] typically re-
placed by LU decomposition. Unfortunately, when dealing with Egs. 3.12a and 3.12b
the Helmholtz operator H should be replaced by the Laplace oeprator, L resulting in
a ill-conditioned matrix [IL~*R]. An examination of the memory required to perform
a LU factorization of the matrix [IL~' R] compared to its [I H ~ R] counterpart shows
that it takes about 20 times as much memory to calculate the LU decomposition.

Applying a pseudo-time technique allows to decrese the memory consumption and to
perform the calculations on grids with high resolution. The key idea is to introduce an
additional time dependant parameter ¢ and to perform series of calculations by reduc-
ing the value of ¢ at each iteration. The iterations are repeated until the steady state

solution of the originial problem is obtained with the required degree of accuracy.

¢k+1 ¢k
At L(¢*™) — R(F§) = N O (3.17a)
I(¢") = oV(XTF) (3.17b)

where * and **! is the internal iteration index. At every time step, the internal iterations
will continue until **! and ¢* become close to each other up to a given precision. Then

the simulation proceeds to the next time step by assigning ¢"+! = ¢*+1.
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3.4 Verification study

The verify the developed thermo hydrodynamic solver, we applied it to the simulation
of the electric charge and potential distributions developing between two concentric
spheres. This 1D problem has a semi-analytical solution which was first calculated by
a specfically written script in Matlab and then compared with the results obtained by the
developed IB solver. Two concentric spheres of diameter R, and R, are placed in the
center of cubic enclosure. The numerical-analytical solution is obtained using spherical
coordinates. There is no need to solve the Navier-Stokes equations since no electro-
thermal convection takes place. Additionally, the solution is 1D in a radial ideraction
as it does not depend on the of azimuthal and polar angles. These assumptions are
valid when the electric Rayleigh number is low enough to preclude convection. Under
these conditions, the transport of free charges is governed solely by migration due to

the electric field and molecular diffusion.

» !

. 1D Solution

(@) (0)

Figure 3.2: Schematic diagram of two concentric spheres in cube (a) and (b) represents
the 2D cross section in the 1D semi-analytical solution along the » direction.

The objective of the simulation is to assess the accuracy and reliability of the solver
by simulating the electric charge transport between two concentric spheres. Following
the formalism of immersed boundary method the spheres are placed in the center of a
cube of length 1 as shown in Figure 3.2. The analysis is performed for the whole 3D
domain, although the domain of interest is restricted to the space confined by the two
concentric spheres. The inner and the outer spheres have radiuses equal to 0.1 and 0.4,

respectively. To ensure the well posed problem, we employed appropriate boundary
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conditions on inner and outer surface of sphere (Inner sphere (r=R;)): ¢=1 ; q¢q=
2 ; U=10,0,0],Outersphere (r =R,): =0 ; ¢=1 ; U=1]0,0,0)).

The computational domain is discretized using a uniform mesh with a resolution
of Az = Ay = Az and computation are carried out at M = 49 and D = 5 x 104
The properties chosen correspond to silicone oil, used as a working liquid in many
experimental studies [23,49]. The simulations are carried with a constant injection field
C'=10 and varying value of the electric Rayleigh number (7" = 50,25 and 10) . The
constant injection field ensures a strong injection and viewed as a good approximation
of the so-named Space-Charge-Limited (SCL) injection, which can be experimentally
achieved by covering the electrode with membrane [50]. The chosen above range of
the electric Rayleigh number 7" values ensures an existence of the underlimiting charge
transport for the given configuration.

With the above assumptions the governing equations read as:

Vip=—C-q, (3.18a)

V- (—=qV¢ — DVq) =0, (3.18b)

Using the product rule to arrange Eqn. 3.18b:

T

Vi = B (Cq*> — V- Vq). (3.19)

Eqgns. 3.18 (a) and 3.19 can be rewritten in spherical coordinates for one-dimensional

axi-symmetric confifiguration:

9 7"2% —r2CYq, (3.20a)

87'( 87"):
0, ,0q o T 02_@@

o5 =35 7 = 5] (9:200)

Since the system of equations 3.20 is not linear, the internal iterations are intro-
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duced to sove it numerically. The system was solved in a segregated manner by first
solving for the Poisson equation 3.20(a) for the electric potential field by taking the
charge density field from the previous iteration. The calculated potential field was next
plugged into the tarnsport equation for the concentration field. The process has been
reiterated until convergence of both fields was achieved with a given precision. The
discretization was carried out by utilizing the second order finite difference method.
Underrelaxation of both fields was employed to provide a robust convergence of the
iterations.

The contours of charge density distribtion in cross section between the spheres,
obtained by numerical solution of the fully 3D problem are shown in Figure 3.3 for the
value of 7" = 50. As expected the obtained distribution is 1D and varies only in a radial
direction. We have cerified that the maximal velue of the flow velocity magnitude was
below O(10~*), which sucessfully verifies an assumtion of negligible impact of electro-
convection in the overall charge space transport for the given configuration.

The space charge distribution obtained by the 3D code has been compared with
its counterpart obtained by the solution of axi-symmetric PNP equations for different T’
values. It can be seen that there is a good agreement between both results, while for
the given configuration a grid independance between the 3D results was achieved for
3002 grids. For this reason all the simutaions performed in the framework of the current

study were performed on 300° grids.
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Figure 3.3: Contours of charge density distribution between two concentric spheres.
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Figure 3.4: Comparison between the charge density distribution along the radial direc-
tion with analytical solution at different electric Rayleigh number (7).
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CHAPTER 4

RESULTS AND DISCUSSIONS

n this Chapter, we focus on a set of test problems that involve three-dimensional in-
I compressible electro-thermo-hydrodynamics flows to demonstrate the effectiveness
of our direct forcing immersed boundary finite volume framework. Numerical investiga-
tions are carried out for pure electro-convection and electro-thermo-convection in cubic
enclosures with stationary sphere, placed within the enclosure. The results of electro-
convection simulations show symmetry breaking when the electric Rayleigh number
is above the value of T' = 900. Moreover, the electro-thermo-convection flows exhibit
unsteady regime for electric Rayleigh number lying in the range between T = 600
to "= 700. It is important to note that there are no test cases for stationary bodies in
the considered electro-thermo-hydrodynamics regimes available in the literature, which
makes it challenging to compare our solver with existing literature. However, for sta-
tionary body problems, we verify our results against an semi-analytical solution in the
previous Chapter 3. It is remarkable that currently conducted simulations demonstrate
the ability of the developed approach to accurately handle fully 3D electro-thermo-

hydrodynamics flows developing around immersed objects.
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4.1 Electro-convection

We commence our analysis by exploring both steady and unsteady electro-convection
flows in cube enclosures using the IB-FV solver. The simulations are performed within
a square cube with side equal to unity hosting a circular sphere of diameter 0.4 is placed
in the center of the cubic enclosure (see Figure 4.1). A no-slip boundary conditions
are imposed for all the velocity components on all six wall surfaces of the cube. We
consider a uniform grid of resolution Az = Ay = Az = ﬁ All the computations are
carried out at Pr = 116.6, M = 49 and D = 5 x 10~*. Following the work of [50],
the value of injection strength is equal to C' = 10. The time steps lie in the range of
1075 <= At <= 10~* and depend on the value of the electric Rayleigh number 7. A
constant value of electric potential field (¢ = 1) is applied on the surface of sphere
while all six wall surfaces of the cube are held at ¢ = 0 value. Assuming that a steady
electrochemical reaction takes place between the sphere’s surface and the liquid, a
homogeneous charge density of value ¢ = 1 is applied on the sphere surface. Zero
gradient boundary conditiion is applied to the charge density field on all the cavity walls,

constituting an open electrode.
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Figure 4.1: (a) Schematic diagram of a square cube enclosure (b) plane definition of
three dimensional computational domain (c) the detailed BCs in the plane « = 0°.

The vortical structures of electro-convection are visualized by utilising A\, criterion
based on the second largest eigenvalue )\, of the velocity gradient tensor as discussed
in [51]. The A, criterion states that points in a fluid flow where the second largest eigen-

value of the velocity gradient tensor is negative indicate the presence of vortices. After
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Figure 4.2: lllustrating the relationship between the streamlines and the vortical struc-
tures to A, criterion.

a parametric study, a value of A\, = —10 was chosen for the visualization of convection
cells. Figure 4.2 shows the relationship between the streamlines and the iso-surface of
A2 = —10. The convergence criterion for the steady state simulations performed in the
current study was the value of 107% of L, norm calculated for the difference between
two consecutive time steps for all the flow fields. Unsteady simulations are continued

until the maximum number of time steps is reached.

Seven distinct test cases are chosen to simulate electro-convection problems over
a range of electric Rayleigh numbers, starting from the small values and increasing
to the larger ones. The steady-state solutions are observed for the range of electric
Rayleigh number T" € [100 — 800], while the values of T lying in the range of 7' € [800 —
900] characterize non-statiory flow regimes. The steady state flows are investigated
in terms of distribution of the charge density and pathlines, projected on the cross-
sectional and diagonal midplanes as well as by the iso-surfaces of A\, criterion. The
charge density distribution shown in Figure 4.3(a-c) is characterized by the the mid
crossectional symmetry which indicates that in the steady state regime there is no
preffered dirrection in the ionnic transport driven by the drift mechanism of the electric
field.

It should be noted that for small value of electric Rayleigh number, 100 < T <

300 viscous force dominates the Colombian force governing electro-convection phe-
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Figure 4.3: (a-c) Show distributions of charge density on o = 90° plane for pseudo
conduction regime. Charge density distribution (left), streamlines surface projection
(middle), and Iso-surfaces of the Ay, = —10 (right) of pure electro-convection. The left
and the middle columns correspond to the plane characterized by o« = 90° and o = 45°
respectively.
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nonomenon. As a result, the values of the velocity magnitude are low and convective
cells cannot be clearly recognized for this range of 7.

The steady state flow obtained for 7" = 400 value preserves mid crossectional sym-
metry and exhibits eight pairs of counter-rotating vortices as demonstrated in Figure
4.3 (e). It is characterized by four central regions where close to zero values of ¢ are
observed as a result of local ballance between the viscous and the electric forces typi-
cal of in these regions, see e.g. [52,53]. We also remark that Coulomb-driven flows has
a characteristic feature of charge void regime when the Colombian and viscous forces
have a same order of magnitude. The qualitative trend of charge void phenomenon is
also observed in literature for simulating two dimensional symmetrically-placed elec-

trodes in the domain.

Vmaa:

weak without radial motion strong with radial convection (steady) unsteady flow regime

0é // | ‘

100 200 300 400 500 600 700 800 9S00 1000

Figure 4.4: The variation of the V.. as a function of the electric Rayleigh number T
for pure electro-convection.

We next investigate the regimes typical of higher electric Rayleigh number T <
700 for which the symmetry breaking phenomenon of the electro-convective flow can
be clearly recognized. Figure 4.3 (j) also shows thinner charge plumes, which are
primarily due to the increased electric force in the domain. It is worth noting that the
flow convection mechanism governs the ion transport in the domain since the drift

velocity of ions is smaller than the flow velocity, as evidenced in Figure 4.4. Hence,
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almost all ions tend to adhere to the regions characterized by the highest flow velocity
values.

The relationship between the maximum fluid velocity (V,,....) and the electric Rayleigh
number (T') for electro convection shown in Figure 4.4 reveals two regions distinguish-
ing between the charge density transport regimes with respect to the value of 7. The
first region is observed between 200 < 7" < 300 which leads to a charge void regime
while the second region lies in the range of 800 < 7' < 900 corresponding to unsteady
regime of the electro-convective flow.

It should be noted that for small values of T corresponding to the first regime, the
flow strength is not zero, albeit weak. This behavior contrasts the configurations host-
ing symmetrically placed electrodes; the flow remains at rest. It can be seen that from
Figure 4.4 that the transition process is smooth due to the intermediate pattern appear-

ance, and clearly indicates enhancing heat transfer due to electric field.

4.2 Electro-thermo-convection

Now, we focus on the studies of electro-thermo-convection flow where the sphere sur-
face kept at hot constant temperature, 6, = 1 is placed in the center of a cold cubic
enclosure whose all walls are held at cold constant temperatue, 6. = 0. The analysis
requires solution of the energy equation in addition to the Nerns-Planck and electro-
static equations which were addressed in the previous Chapter. The computational
domain and simulation parameters are the same with these defined in the previous
Section. The thermo-convection is sumulated for a Rayleigh number value equal to
Ra = 10°. A series of numerical simulations are performed for the range of electric
Rayleigh number 0 < 7" < 1300. The contours of charge and temperature distributions
are shown in Figures (4.5,4.6) on plane for a = 0°,45°,90°. It can be seen that steady
state solution obtained for up to 7" = 600 preserves mid plane cross-sectional symme-
try while at the higher values of the electric Rayleigh number the symmetry breaking
phenomenon can be clearly recognized both in electric charge and temperature distri-

bution as ahown in Figure 4.6.
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The vortical structure of electro-thermo-convection exhibits a variety of different be-
haviors with respect to different values of the electric Rayleigh number as depicted in a
Figures ( 4.8-4.7). For close to zero values of the electric Rayleigh number the effects
of electric field forces on the fluid are negligible leading to pure thermal convection
regime as shown in Figure 4.8(a) wihle the vortical structure shows a typical for the
natural convetion flows mushroom-shaped structure.

Further increasing of the electric Rayleigh number to the value of T' = 100, does not
lead to significant changes in the flow which is still dominated by the buoyancty forces
and charcterized by the clearly recognized thermal plume adjacent to the top wall of
the cube (see Fig. 4.5 (b)). Similiarly to the purely convective flow (7" = 0) the flow
developing at 7' = 100 is also characterized by a mushroom shaped vortical structure.
As the electric Rayleigh number is increased to 200, the electric force becomes strong
enough to induce the formation of two additional convective cells , whose size tends
to grow with increasing T up to 7' = 500 value. As the Rayleigh number is increased
above 300, the electric force becomes strong enough to distort the mushroom-shaped
vortical structure and form convective cells of more comlex shapes, as shown in Figure
4.7 (d-g).

As the Rayleigh number is increased to above 7" = 600, the electric forces becomes
strong enough to dominate the flow and induce the formation of more than two addi-
tional convection rolls, as shown in Figure 4.8. These rolls can interact with each other
and give rise to complex flow patterns, such as secondary flows and instabilities, which
can lead to asymmetries in the charge and temperature distributions as well as in the
vortical structure of the domain. At higher values of the electric Rayleigh number, the
vortical structure of electro-thermo-convection can become highly turbulent and exhibit
a wide range of scales, from large-scale rolls to small-scale eddies. In this regime, the
flow patterns can be highly irregular and difficult to predict, and may display features
such as intermittent bursts of activity, chaotic behavior, and the formation of localized
regions with high vorticity and mixing. A thorough investigation of the above flow fea-

tures remained out of the scope of the current study.
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4.3 Heat flux calculation

The Nusselt number is defined as a ratio of convective to conductive heat fluxes. In
our study, the averaged Nusselt number on the surface of the cube refers as Nu. and
Nuy, denotes the averaged Nusselt number on the surface of the sphere. The surface-

averaged Nusselt number on the cube faces is defined as:

1
Nuc—ﬁzg—&, (4.1)
where g refers to the averaged temperature gradient on the surface of given faces
of the cubic enclosure, and N is the number of thermally conducting faces. The energy
equation is typically solved using the direct forcing immersed boundary (IB) method,
which does not involve a sharp demarcation of the boundary surface within the region.
As a result, the solid boundary does not conform to the Cartesian mesh underlying the
computational domain and edges of the solid are not readily available for calculation of
the average heat fluxes. The averaged Nusselt number on the spheres is calculated

as:

Nuy, = PrAxfy, (4.2)

Where f; is the average heat flux obtained by an arithmetic mean of all the non-
dimensional heat fluxes fX at each Lagrangian point X* of the immersed surface.
At steady state, the value of the total dimensionless heat flux entering into system from
the sphere should be the same as that leaving the cube. The total averaged flux is
calculated by multiplying it by the total area of the cube faces. For the steady state

solution, the following condition should satisfy:

41 R*Nuy, ~ 6H*Nu,. (4.3)
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4.4 Heat transfer

This section discusses the enhancement of heat transfer by the Coulomb force. The
heat transfer enhancement by electro-convection is analyzed by using the averaged
Nusselt numbers Nu;, and Nu,. as discussed in previous Section.

Figure 4.9 depicts dependance of the Nusselt number averaged over the surface
of a sphere, Nuy, as a function of the electric Rayleigh number 7. As the Coulomb
force becomes stronger (with an increase in T), the electric field induces a radial flow,
resulting in an increase in convective heat transfer. The results shown in Figure 4.9
can be categorized into two cases. For low T values (ranging from 0 to approximately
250), the heat transfer is dominated by thermal convetction and therefore its variation
with T is weak. For higher T values (ranging from 300), the slope of the Nu — T curve
increases dramatically at about 7" = 300 and remains approximately constant for the
higher T" values.

It is interestibg to compare the above Nu — T dependance obtained for fully 3D flow
with the results previously obtained for 2D configurations and available in the literature.
To perform the above comparison we focus on the work of [15] who ibvestigated both
natural and electroconvection flows developing in 2D cold square container with hot
circular cylinder placed in the center of the container. The length of the box side and
the diameter of the cylinder are the same as in the length of the cube side and the
diameter of the sphere used in the current study.

In contrast to the Nu — 71" curve currently obtained for 3D configuration, the curve
obtained for 2D flow is characterized by clearly recognizible transition region separating
betwen the thermally and the electrically dominated regimes as shown in Fig. 4.10
(adapted from [15]). This behavior can be explained by the fact that the 2D flow is
chrarcterzed by a critical threshold value of 7" above which electro-convection solely
controls the flow structure, and the impact of the buoyancy forces becomes negligible.
In the simulation conducted in this work, full dominance of electro-convection is not
achieved even at very high T values (up to 1300). At the same time the flow pattern

structure obtained for high values of 7' qualitatively resembles its 2D counterpart.
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(g) T = 600

Figure 4.5: Charge density (left) and temperature distribution (right) for electro-thermo-
convection with Ra = 10° and different values of 7. The planes characterized by
a = 0°,45°,90° from left to right respectively
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(g) T = 1300

Figure 4.6: Charge density (left) and temperature distribution (right) for electro-thermo-
convection with Ra = 10° and different values of 7. The planes characterized by
a = 0°,45°,90° from left to right respectively
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()T = 600

Figure 4.7: Vortical structure using A\, = —10 at Ra = 10° and different values of T', from
left to right corresponds to the Z-Y, Z-X, X-Y planes, isometric view and the sreamline
at planes a = 45, respectively. 33



()T = 1300

Figure 4.8: Vortical structure using A, = —10 at Ra = 10° and different values of T', from
left to right corresponds to the Z-Y, Z-X, X-Y planes, isometric view and the sreamline
at planes o = 45, respectively 34
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Figure 4.9: The averaged Nusselt number variation on the surface of cubic enclosures
at the different value of electric Rayleigh number T'.
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Figure 4.10: The averaged Nusselt number variation on the surface of a hot inner
cylinder for two-dimensional cylinder placed in a cubic configuration at the different
value of electric Rayleigh number 7" [15].
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CHAPTER 5

SUMMARY AND CONCLUSIONS

This chapter provides a summary of the main characteristics of the direct forcing
immersed boundary/finite volume framework proposed in this thesis for the sim-
ulation of electro-thermo-hydrodynamic flows. We emphasize the key contributions,

highlight notable observations and offer suggestions for future research directions.

The focus of the thesis was the extension of a direct forcing immersed boundary
finite volume solver for electro-thermo-hydrodynamics, with a view to handling bodies
of complex geometry. We have employed finite volume method on a staggered grid
that is capable of handling electro-thermo-convection in enclosure. A large spectrum
of test problems involving electro-convection and electro-thermo-convection in enclo-
sures have been considered to assess the IB-FV framework proposed in the thesis.
The salient conclusions on the developed framework and subsequent numerical inves-

tigations are enumerated below.

1. The framework developed in this study has been proven for its capability to ac-
curately simulate electro-thermo-convection flows. The momentum equation is
solved at the cell faces, while the charge, energy, and pressure equations are
solved at the cell centroid. To enable the use of the direct solver MUMPS with
limited memory resources, the pseudo-time technique was employed in the sta-

tionary Poisson equation. This technique reduced the RAM requirement for com-
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putations by nearly 20 times.

. The thesis proposes a novel approach for simulating electro-thermo-hydrodynamics
flows using a direct forcing immersed boundary (IB) method. The resulting IB-FV
solver is accurate and capable of handling one or more bodies. The developed
solver was favorably verified by applying it to a simplified electro-fluid flow prob-
lem and comparing the outcomes with a one-dimensional semi-analytical solu-
tion. The three-dimensional problem was simulated under conditions of sub con-
vection (7" low enough) between two concentric spheres, preserving a spherical
symmetry. A comparison between the one-dimensional and the comprehensive
three-dimensional solutions was performed by employing interpolation of the cor-

responding fields along the radial axis.

. The Numerical simulation results were presented for the electro-convection of
and thermal convection in a cubic enclosure. The flow structures of pure thermal
convection and electro-convection differ from each other due to the different direc-
tions of the buoyant and Coulomb forces and the different transport mechanisms

in the motionless state.

. Finally, the proposed IB-FV solver for electro-thermo-convection problem was in-
vestigated to understand the influence of the Coulomb forces on the flow hydro-
dynamics. It was found that the heat flux is strongly effected by electric field
and charge injection, as after the electric driving parameter 7' exceeded a criti-
cal threshold. This strong dependance is attributed to the appearance of radial
convection induced by the Coulomb force. It should be noted that the prediction
of an exact value of T" at which the flow convection sets on in radial direction re-
mained out of the scope of the current study. Rather, we focused on determining

the range of 7" values at which the transition takes place.

. Future work can focus on performing a parametric study of the different physical
and geometrical parameters and their influence on the flow regimes and the heat
transfer enhancement. The parameters whose influence can be analyzed are, for
example, the liquid properties (Pr, M, and D), the applied operating conditions

(Ra and C), and the geometrical characteristics (such as I').
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